MONOCHROMATIC SUBGRAPHS IN RANDOMLY COLORED DENSE

Let G, = (V(G,), E(G,,)) be a sequence of graphs with vertex set V(G,) = [n] :={1,2,---

MULTIPLEX NETWORKS
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ABSTRACT. Given a sequence of graphs {G,},>1 and fixed graph H, denote by T(H,G,) the
number of monochromatic copies of the graph H in G, in a uniformly random c,-coloring of the
vertices of G,. In this paper we study the joint distribution of monochromatic subgraphs for
dense multiplex networks, that is, networks with multiple layers. Specifically, we consider the
joint distribution of T}, := (T'(H,Gy»),T(H',G4,)), for two sequences of dense graphs {Gn }»>1 and
{G}. }n>1 on the same set of vertices and two fixed graphs H and H'.

Under a new notion of joint convergence of the graphs G, and G, in the cut metric, we show
that when the number of ¢, = c is fixed, the limiting distribution of T, is the sum of two in-
dependent components, one of which is a bivariate Gaussian and the other is a sum of bivariate
stochastic integrals. This generalizes the classical birthday problem, which involves understanding
the asymptotics of T'(Ks, K,), the number of monochromatic s-cliques in a complete graph K,, (s-
matching birthdays among a group of n friends), to general monochromatic subgraphs in multiplex
networks. This also extends previous results on the marginal convergence of T'(H, G,) and is useful
in establishing the joint convergence of various subgraph counting statistics that arise from random
vertex coloring of graphs. Several examples are discussed and an alternate proof using random
matrix theory is also presented for the case of monochromatic edges.

1. INTRODUCTION

,n}

and edge E(G),). Suppose the vertices of G, are colored uniformly at random with ¢ > 2 colors,

that is,

1
P(v € [n] is assigned with color a € {1,2,...,¢c}) = —
c

independently from the other vertices. Given such a coloring an edge (u,v) € E(Gy) is said to be
monochromatic if both u and v are assigned the same color. Formally, if X, denotes the color of
the vertex v € [n], then (u,v) € E(G,) is monochromatic if X,, = X,.

where A(G,) =

1
T(K27Gn) = 5 Z auv(Gn)l{Xu = Xv}a
1<u#v<n

(11) [eqT 20

((auww(Gn)))1<uv<n is the adjacency matrix of G,. More generally, for a fixed

connected graph H = (V(H), E(H)) denote by T'(H, G),) the number of monochromatic copies of
H in G,, that is,

where:

T(H,G,) :_‘Autl(H)‘ Z [T s (G)L{X_s)

n] v () (a,b)EE(H)
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o [n]jy(m)| is the set of all [V (H)|-tuples s = (s1,- -+ , s|y(m)|) € [V U0l with distinct indices.!
Thus, the cardinality of [n]y gy is #&HW
e For any s = (s1,--- 73|V(H)|> € [n]IV(H)I’
HXos) = H{Xy = = Xy ;-

o Aut(H) is the automorphism group of H, that is, the number of permutations o of the
vertex set V(H) such that (z,y) € E(H) if and only if (o(x),0(y)) € E(H).

Note that

N(H,G,)
ET(H, Gn) =~ -

where N(H,G),) is the number of copies of H in G,.

Various problems in combinatorial probability, nonparametric statistics, and theoretical com-
puter science involve the study of (1.1) and (1.2). The following are some examples:

Example 1.1 (Birthday problem). Suppose G, is a friendship-graph (two people are connected by
an edge in the graph if they are friends) which is colored uniformly randomly with ¢ = 365 colors
(where the colors correspond to birthdays and the birthdays are assumed to be uniformly distributed
across the year). In this case a monochromatic edge in G,, corresponds to two friends with the
same birthday. The celebrated birthday problem asks for the probability that there are two friends
with the same birthday, that is, P(T(K2,Gy) > 0). This is a celebrated problem in elementary

probability (see [23, 25, 45] references therein), which appear in many different contexts, such as
the study of coincidences [20], graph coloring problems [2, 10, 18], testing discrete distributions
[1, 27, 51], security of hash functions [5, 60], and the discrete logarithm problem [7, 29, 31], among

others. A natural generalization of the birthday problem is to consider higher-order birthday
matches (often referred to as multi-collisions); that is, the number of r-tuples of friends sharing
the same birthday [20, 44, 47, 61]. This corresponds to studying the asymptotics of T(K,, G,,), the
number of monochromatic r-cliques K, in the friendship graph G,, [9, 11].

Example 1.2 (Graph-based nonparametric 2-sample tests). One of the fundamental problems in
statistical inference is to decide whether two different data sets are generated from the same statis-
tical model. This is the classical 2-sample problem which can be formally stated as follows: Given
independent and identically distributed samples Z;, = {X1, X2,..., X, } and %, = {¥1,Y>s,...,Y,}
from two multivariate distributions F' and G, respectively, the two- sample problem is to test the
hypothesis:

Hy:F=G versus H;:F#QG. (1.3)[eq:FG]

A theme that has emerged repeatedly in the development of nonparametric 2-sample tests is the
use of random geometric graphs. This includes the celebrated Friedman-Rafsky test based on the
minimum spanning free (MST) [28], tests based on nearest-neighbor (NN) graphs [30, 58], and
optimal matchings [56]. Here, the idea is to construct a random geometric graph %, of the pooled
sample 2, U %, and reject the null hypothesis Hy in (1.3) if the number of edges in ¢ with one
end-point in sample 1 and other in sample 2 is ‘small’. In other words, Hy is rejected when the
number of non-monochromatic edges in ¢ is ‘small’ (where the sample labels corresponds to the
colors), which is equivalent to rejecting Hy when the number of monochromatic edges is ‘large’.
Hence, understanding the null distribution of such a test statistic entails studying the asymptotic
properties of T'(K2,%,) with ¢ = 2 colors.

IFor a set S, the set SV denotes the N-fold cartesian product S x S x --- x S.
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Example 1.3 (Quadratic Rademacher chaos). When ¢ = 2, T'(K3, G,) centered by its mean can
be expressed as a quadratic form in Rademacher variables as follows:

T(Ky, Gr) — ET(K», Gy) = - 3 aw(G) (1{Xu = X,} - ;)

2
1<u#v<n
1
=1 > aw(Gn)(21{X, =1} - 1)(21{X, =1} - 1)
1<u#v<n
1
= Z Z auv(Gn)Yqu (1.4) eq:K2quadratic
1<u#v<n
where Y,, = 21{X,, = 1} — 1, for 1 < u < n, are i.i.d. Rademacher random variables. Hence,
when ¢ = 2, T(K»2,G,) — ET (K2, Gy,) is the quadratic Rademacher chaos [15, 52], which appears
in various contexts, for example, the Hamiltonian of the Ising model [3, &], testing independence in
auto-regressive models [0], and Ramsey theory [36]. A characterization of all distributional limits

of (1.4) has been obtained recently in [13].

A number of recent papers have studied the limiting distribution of T'(H,G,) (appropriately
centered and scaled), beginning with the work of Bhattacharya et al. [10] which considered the
case H = Ks. Specifically, [10, Theorem 1.3] shows that T'(K2,G,) is asymptotically normal
whenever the fourth moment of a suitably normalized version of T'(Ks2,G),) converges to 3 (the
fourth moment of the standard normal distribution). This is an instance of the celebrated fourth-
moment phenomenon, which was originally discovered in the seminal papers [19, 53] and has, since
then, emerged as a unifying principle governing the asymptotic normality of random multilinear
forms (see the book [50] for further details). Going beyond monochromatic edges, subsequently it
was shown that the fourth-moment phenomenon continues to hold for the asymptotic normality
of T(K3,Gy) (the number of monochromatic triangles) when ¢ > 5 [12] and for T'(H, G,,), for
any fixed graph H, when ¢ > 30 [22]. For ¢ = 2 a more refined result about the asymptotic
normality of T'(H,G,,) has been obtained recently by Mani and Mikulincer [11] in terms of local
influence-based conditions. While the aforementioned results provide sufficient conditions (some
which are also necessary) for the asymptotic normality of T'(H,G,), there are many instances
where T'(H,G,) has a non-Gaussian limit. This, in particular, is often the case when G, is a
sequence dense graph, that is, |E(G,)| = ©(n?). In this case, to describe the limiting distribution
of T(H,G,) it is convenient to adopt the framework of graph limit theory [338] and assume G,
converges (in the cut-distance) to a graphon W. Then limiting distribution of T'(H, Gy,) (suitably
standardized) has both Gaussian and non-Gaussian components, where non-Gaussian component
is a (possibly) infinite weighted sum of independent centered chi-squared random variables with
the weights determined by the spectral properties of a graphon derived from W (see [10, Theorem
1.4] and [9, Theorem 1.3]).

Given the above results a natural next step is to study the joint distribution of a finite collection
of monochromatic subgraphs. Specifically, given a collection of r > 1 graphs H = {Hy, Ho, ..., H,}
what is limiting joint distribution of (T'(Hy,G,),T(H2,Gy), ..., T(Hy,Gy)) (suitably standard-
ized)? More generally, one can consider the joint distribution of

T(H,Gn) = (T(H1,G)), T(Hp, GP),... . T(H,, G)),
where G,, = (Gg), Gg), ey G;d)) is a collection of d > 1 graphs having the same vertex set [n].
Multiple graphs sharing a common vertex set are known as multilayer networks (or multiplexes).
The ubiquitous presence of complex relational data with many interdependencies have propelled
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the rapidly developing literature on multiplex networks (see [, 14, , 59
and the references therein). In this paper we derive the asymptotic dlstrlbutlon of T(H G n) for a
sequence of dense multiplexes G,,. To describe the limiting distribution we define a natural notion
of convergence of multiplexes (in the joint cut-distance) and also invoke the framework of multiple
stochastic integrals (for capturing the non-Gaussian dependencies between the different marginals).
Under the assumption that the multiplex G,, and a certain pairwise overlap function converges, we
show that the limiting distribution of T'(H,G,) has 2 independent components: one of which is
a multivariate Gaussian and the other is a sum of independent bivariate stochastic integrals (see
Theorem 1.1). The stochastic integrals are with respect to the same underlying Brownian motion
on [0, 1], which captures the dependence between the different marginals. A key ingredient of the
proof is a invariance principle which allows us to replace the coloring indicators with appropriately
chosen Gaussian variables (see Section 2).

1.1. Convergence of Graphs and Multiplexes. The theory of graph limits [16, 17, 38] has
received phenomenal attention over the last few years. It builds a bridge between combinatorics and
analysis, and has found applications in several disciplines including statistical physics, probability,
and statistics [3, 20, 21]. For a detailed exposition of the theory of graph limits refer to Lovész
[38]. Here we mention the basic definitions about the convergence of graph sequences. If F' and G
are two graphs, then define the homomorphism density of F into G by

| hom(F, G)|
[V (G)|VE)
where |hom(F,G)| denotes the number of homomorphisms of F' into G. In fact, ¢(F,G) is the
proportion of maps ¢ : V(F) — V(G) which define a graph homomorphism.

To define the continuous analogue of graphs, consider # to be the space of all measurable
functions from [0, 1]? into [0, 1] which are symmetric, that is, W (z,y) = W (y, z), for all z,y € [0, 1].
For a simple graph F with V(F) = {1,2,...,|[V(F)|}, let

t(F,G) :=

t(F, W) = / H W(.Z‘i,xj)dl‘lde-"dZC‘V(F” =F H W(Ui,Uj) s
0N ) eber) (s.1)EE(F)
where Uy, Us, ..., U, are i.i.d. Unif[0,1]. It is easy to verify that t(F,G) = t(F, W%), where W& is
the empirical graphon associated with the graph G which defined as:
W (z,y) = H([IV(@)[«], [[V(G)ly]) € E(G)}. (1.5) 7eq: emp_graph?

(In other words, to obtain the empirical graphon W& from the graph G, partition [0, 1]% into |V (G)|?
squares of side length 1/|V(G)|, and let W% (z,y) = 1 in the (i, j)-th square if (i,5) € F(G), and 0
otherwise.)

The basic definition of graph limit theory is in terms of the convergence of the homomorphism

densities [16, 17, 38]. Specifically, we say a sequence of graphs {G, }n>1 converges to a graphon W
if for every finite simple graph F,

lim t(F,Gy) = t(F,W). (1.6)[eq:graph_limit
n—oo
This convergence can be captured through the cut-distance which is defined as follows:

tWeonvergence)? Definition 1.1. [38] The cut-distance between two graphons Wy, Wy € W is defined as,

/ (Wl (1’, y) - W2 (.%, y)) dxdy s (17) eq:Wconvergenc:
AxB

||Wy — Wa||g:= sup
A,B€[0,1]
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for W1, Wy e #'.

Using the cut distance, one can an equivalence relation on # as follows: W; ~ Wy when
infy |W7 — W2¢ lo = 0, where the infimum taken over all measure-preserving bijections ¢ : [0, 1] —
[0,1] and Wfs(:n,y) = Wi(é(z), o(y)), for z,y € [0,1]. The orbit of W € # is the set of all
functions W, as ¢ varies over all measure preserving bijections from [0,1] — [0, 1]. Denote by W
the closure of the orbit of W in (#,] - ||o). The quotient space # = {W : W € #} of closed
equivalence classes is associated with the cut-metric:

oo (W, Wa) = igf W1 — WQQSHD'

The central result in graph limit theory is that a sequence of graphs G,, is converges to W in the
sense of (1.6) if and only if it is a Cauchy sequence in the d5 metric. Moreover, a sequence of
graphs {Gp}n>1 is to a graphon W if and only if d5(W S, W) — 0 (see [, Theorem 3.8]).

In this paper we deal with sequences of multilayer graphs (multiplexes), where one has multiple
graphs on the same set vertices. To define convergence of a sequence of d-multiplexes {Gy,}n>1
common vertex set V(G,) = [n], we need the notion of joint cut metric. Towards this, denote
by #¢ the d-fold Cartesian product of # . The elements of #¢ will be referred to as d-graphons.
We can define an equivalence relation on #¢ as follows: Given W = (W, Ws,...,Wy) € #% and
W' = (W[, W5, ..., W}) € #4, we say Wy ~ Wy, if inf, Z;l:l HWf — Wlllo = 0, where, as before,
the infimum taken over all measure-preserving bijections ¢ : [0,1] — [0,1]. Denote by W the closure
of the orbit of W and the quotient space of closed equivalence classes as Wi = {W W e wi}.
For W, W' ¢ Wd, define the joint cut-metric as:

d
So(W, W) := igfz Iwe —w/lo.
j=1

We will say a sequence of d-multiplex {Gp }n>1 = {(G’T(ll), Gg), oy G4} 51 converges to d-graphon
W = (Wl,WQ,...,Wd) € Wd, if

(WO, W) =0, (1.8) g distancen

(2) (d)
JWE L WG,

(1)
n

where W&n = (W¢
1.2. Statement of the Results. With the above preparations, we are now ready to state our main
results. To this end, fix an integer d > 1 and a finite collection of graphs H = {Hy, Ha, ..., Hy}.
Then for a sequence of d-multiplexes {Gp}n>1 = {(G,(ql),Gg), .. .,G,dl)}nzl, define the vector of
standardized monochromatic copies as:

r(HO,GWY)

- (1.9) o Camnafond

T(H®,GY)

'H,G,) =

where

T(H,Gy) = |Aut(H)|VDI-3 {T(H, Gy) — E(T(H,G)) } |

nlV(H)|-1

(1.10) og:Gammaia|

for any graph H = (V(H),E(H)) and any graph sequence {G,},>1 with G,, = (V(G,), E(G,)).
Our aim is to derive the limiting distribution of I'(H, G,,) when {G, },,>1 converges to a d-multiplex
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H1 H2

FIGURE 1. The (a,b), (a/,b')-vertex join of the graphs Hy and Hs.
(fig:vertexHab)

W . The result depends on whether the number of colors ¢, = ¢ is fixed or ¢, — 0co. We begin with
fixed colors case.

1.2.1. Asymptotic Distribution of I'(H,Gy,) for Fized Number of Colors. To describe the limiting
distribution of I'(H, G,) we need a few notations. We begin by introducing the notion of the
2-point conditional kernel of a graphon W as follows:

Definition 1.2 (2-point conditional kernel). Given a finite graph H = (V(H), E(H)) and a graphon
W, define the 2-point conditional kernel of H with respect to W as follows:?

Wa(z,y):= >  E[ J[ WU.U)|Uu=2U=y]|. (1.11) [eq:H]|

1<a#b<|V(H)|  \(i.)eE(H)

To describe the asymptotic variance of I'(H, G,,) it is convenient to define the following graph
operation.

definition:H2)? Nyefinition 1.3. Suppose H, = (V(Hy), E(H,)) and Hy = (V(Hy), E(Hy)) be two graphs with
vertex sets V(Hy) = {1,2,...,|V(H1)|} and V(H2) ={1,2,...,|V(H2)|} and edge sets E(H;) and
E(Hy), respectively. Then for 1 < a # b < |V(H;)| and 1 < d' # ¥ < |V(Hy)|, the (a,b), (a',V)-
join of Hy and Hy is the simple graph obtained by identifying the vertices a and b in H; with the
vertices @’ and b’ in Hs, respectively. The resulting graph will be denoted by

Hy ® Ho.

(a,b),(a’,b")

An example is shown in Figure 1. (Notice that the (a,b), (a’,b')-join of between 2 graphs can be
different from the (b, a), (’,b')-join.)

With the above notations we can now state our result about the asymptotic distribution of
I'(H, G,,) for fixed number of colors. Throughout stochastic integrals are considered in the Weiner-
It6 sense [31] (see also [32, Chapter 7]).

ZNote that Wy can takes values greater than, hence, technically Wy it is not a graphon. However, Wy <
[V(H)|(V(H) — 1), hence, W € %1, where # is the space of bounded, symmetric, measurable functions from
[0,1]* — [0, 00).
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(thm: jointTHG) Theorem 1.1. Suppose {Gp }n>1 is a sequence of d-multiplexes converging to a d-graphon W. Let

H ={Hy, Hs,...,Hy} be a collection of fixred graphs and I'(H,G,) be as defined in (1.9). Assume,
for 1 <i# 5 <d, there exists p;; > 0 such that

(2) (4)
T}LII;O<WI§Z" ,Wg]" ) = Pijs (1.12)[eq:WGnHcovaria

(1) . .. . (4) .
where ng” is the 2-point conditional kernel of the empirical graphon WS with respect to H;, for
1 <i<d. Then, as n — o0,

o (W), (2, y)dB{Wd B
0,1

c—1
D 1 1 )
T(H,G,) 2 2(1_C>Z+ﬁz_: : ,

a=1
/ (Wd)Hd (‘Ta y)dB:gsa)dBéa)
[0,1]2

where

o (Wi)m, is the 2-point conditional kernel of the graphon W; with respect to H;, for 1 <1i <d;
o Z ~ Ng(0,%), with ¥ = ((04j))1<i,j<d defined as:

1 . .
T2 t|HE Q) HaWi| —Waul? fori=j,

7ij = 1<ab<|V (H,)| (a.0),(a', )
1<d' #b <|V (H;)|
pij = \Wiu;, (Wj)h,) fori # j;
. {Bt(l), . ,Bt(c_l)}te[ojl} are i.i.d Brownian motions on [0, 1] which are independent of Z.

The proof of Theorem 1.1 is given in Section 3. A key ingredient of the proof is a general
invariance principle, which shows the following: random multilinear forms indexed by the variables
which encode the vertex coloring are asymptotically close in moments to multilinear forms indexed
by appropriately chosen Gaussian variables (see Section 2). To apply this result, we first step
express T(H,G,) — ET(H,G,), for any graph H, as a weighted sum of multilinear forms with
degrees ranging from 2 to |V(H)| (see Lemma 3.1). Next, we show all terms in the expansion
with degree greater than 2 are asymptotically negligible (see Lemma 3.2). In other words, only the
quadratic terms in the expansion of T'(H, G,,) —ET(H, G,) contributes to the limiting distribution.
Then using the invariance principle the problem of deriving the joint distribution of I'(H, G,)
reduces to finding the joint distribution of certain Gaussian quadratic forms, which is analyzed
using the Cramér-Wold device and the spectral theorem.

Remark 1.1. Note that Theorem 1.1 assumes that the layers of the multiplex G, converge jointly
in the cut-distance and the pairwise overlaps of the 2-point conditional kernels have a limit. In
Section 4 we provide examples which illustrate that both these assumptions are necessary for the
limiting distribution of I'(H, G,,) to exist.

One useful special case of Theorem 1.1 is when H; = Hy = --- = Hy; = K5 is an edge. In this
case, the 2-conditional kernel Wy, (x,y) = 2W(x,y) (recall (1.11)) and, for 1 <i# j <d,

, , (@) ()
¢ W 2/E(Gn’)NE(Gy’)|
<WK2 7WK2 > = TL2 )
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where E(G%)) is the edge set of the graph Gg), for 1 < i < d. Hence, Theorem 1.1 implies the
following result:

{cor:K2joint) Corollary 1.2. Suppose {Gpn}n>1 is a sequence of d-multiplezes converging to a d-graphon W.
Also, assume that there exists p;; > 0 such that

(%) ()
ABG)APG , (1.13)[oq:covariances

for1<i#j<d. Then, asn — 00,

W1dB@daB@
T(Ky, GV) B(GD)] N R
1 ' R ERGRyFEDY
n . (d) c . (d) \/ic 20 e : )
T (K2 Gn”) [E(Gn)] - WydBdB{
[0,1]2

where

o Z ~ Ng(0,%), with ¥ = ((04))1<i,j<d defined as:

P [0,1]2
oij =
Pij_/[Ol]Q Wiz, y)W;(z,y)dzdy  fori # j;
. {Bgl), e 7B§c—1)}t€[071} are i.i.d Brownian motions on [0, 1] which are independent of Z.
If all the d layers of G, are the same, that is, G’S) = Gq(f) == Ggld) = Gy, then Theorem

1.1 gives joint distribution of the (I'(H1,Gy),...,['(Hg, G,)) for any collection of fixed graphs
H = {Hy,Hs,...,Hy}. In this case, the limit of <Wgz’,WHJ">, for 1 < i # j < d, can be derived

from the convergence of {Gy}n>1 to a graphon W. Specifically, we have (see Lemma 3.5 for the
proof),

1

. Gn Gn

Jm Wi Wi =7 2 t|H Q) Ha W
1<u#v<|V (Hy)| (u,0),(u’ v")
1<u/#0' <V (Ha)|

The above identity combined with Theorem 1.1 gives the following result:

cor: jointTHGAW) Corollary 1.3. Suppose {Gn}n>1 is a sequence of graphs converging to a graphon W and let

H ={Hi,Hs,...,Hy} be a collection of fized graphs. Then, as n — oo,

0% dB@dB@
F(Hl;Gn) Hl(w,y) v Y

b 1 1 c—1 [0,1]2
2(1-=)z+— :
- ( ) +ﬁ; - ’

W, (z, y)ng@ngl)

I'(Hg4, Gr)
[0,1]2

where
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o Z ~ Ng(0,%), with ¥ = ((04))1<i,j<d defined as:

1 . .
1 Z t| H; ® Hy, W | — |[Wg|I? fori=j,
ISCL#bS‘V(H'L)l (a‘:b)a(alzbl)
1<a’£6' <|V (H;)|
O 1=
1 L,
i > t|Hi @  Hju,W | = (Wa,, Wa,)  fori# j;
1§a7éb§|V(Hl)| (avb)v(alvb/)
1<a'#b'<|V (Hj;)|
° {Bgl), . ,B§c_1)}te[071} are i.i.d Brownian motions on [0, 1] which are independent of Z.

Note that by taking H = {H } is a singleton we recover from Corollary 1.3 the marginal distribu-
tion of T'(H, G,), which was proved in [, Theorem 3.1]. In this case the limiting distribution can
be alternately expressed in terms of the eigenvalues of the 2-point conditional kernel (recall (1.11))
as discussed in the following remark.

Remark 1.2. Note that by the spectral theorem, for any graph H, the 2-point conditional kernel
Wiy can be expressed as (see [38, Section 7.5]):

y) = Z )\s¢s(x)¢s Y
s=1

where {A\s}s>1 are the eigenvalues and {¢s}s>1 are an orthonormal collection of eigenvectors of

the operator Ty, (f fo (y)dy. Hence, for each a € [c]|, by the linearity of stochastic
integrals and the product formula (see [32, Page 100]):

o Wi (x,y)d B ZA . 1]2 x)¢s(y)dBMd B[
) s=1

- gAs <(/o %(x)de)z - /0 1 ¢s(95)2da:>
- :.21)\8 ((/01 ¢s($)dBa(;a))2 — 1) (by orthonormality)
2 i A (72, 1)

s=1

where Z;, = fo ¢s(x)dB,. Note that by orthonormality {Zs,}s>1 ,ac[q] is a collection of i.i.d.
N(0,1) random Varlables Hence, from Corollary 1.3 we obtain the following alternative expression
of the limiting distribution of F(H, Gr):

I'(H,Gp) 3 2<1—>Z+§i>\

a=1 s=1

1 1 &
201 == )2+ —=) &,
(1-2)7+ e
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where {63}521 is a collection of i.i.d. Xz—l -

(¢ — 1) random variables which is independent of
Z ~ N(0,0?), with

1
2 _ . _ 2
ol = > t|E Q HW|-—|Wal
1<a#b<|V(H)| (a,b),(a’,b")
1<a' £V <|V(H)|

This recovers the result in [9, Theorem 1.3].

2. A GENERAL INVARIANCE PRINCIPLE
For each v € [n] and a € [], let

Ko = e (1{Xv —a) - i) . (2.1) 7eq:Kva?

Let {Zy.a}veln],ac[) be a collection of i.i.d N(0,1) and define

sec:invariance)

1 Cc
Zoa = Zva == Zua: (2.2)[eq:2va]
a=1

We collect some easy facts about the random variables {ija}ve[n]ﬂe[c] and {Z, atven],acl in the
following observation:

(obs:XZva) Qpgervation 2.1. Let {Xv,a}ve[n],ae[c] and {Zv,a}ve[n]ﬂek] be as defined above. Then the following
hold:

ments_match:1)? ( ) E a EZva =0, fO?" = [n]’a e [C]

ments_match:2)? (b) Va (X' a) = Var(Z,U a)=1— %7 for v E [n],a € [c].

nents 2t<h:37 () Cov(Zyyas Xo) = Cov(Zuas Zug) = ~3, for v € [n] and a b e [d].
ndependenceuv)? (d) {Xu a}ae[c] 1 {XU a}ae (] and {Zu a}ae[c] 1 {Zv a}ae[c] foru #v € [n].

Hereafter, denote

X = (Xv,a)ve[n],ae[c]7 X = (Xv,a)ve[n],ae[c]v Z = (Zv,a)ve[n},ae[cb and Z = (Zv,a)ve[n],ae[c]‘

Fix an integer > 1. Then for a function f : [n], — R, define

T(f; X) = ZZf H (2.3)[eqrTE]

a 1 s€[n], j=1

Define 7(f; X) and T(f; Z) similarly. Let S, denote the set of all permutations of [r]. Then define
the symmetrization of f as follows:

f(817' Sr) 7“' Z f(s crr))

(TGST

For functions f, f’ : [n], — R, their inner product is defined as:

Zf

se[n
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and let ||f|| :== \/(f, f) be the associated norm. For a s € [n],, let s denote the (unordered) set
formed by the entries of s. (For example, if s = (4 ) then s = {2,4,5}.) Notice that

FFY =y = === 3 (s (2.4) [ ip_eym 53]

: s,s'€[n],
s=s

We can then define the following bilinear operation:
(fofhe = (1. 1)
and also the associated pseudo-norm || f||e :== \/(f, f)e = || fII-

(Im:varianceTf) Lemma 2.1. Fiz integers r,r’ > 1. Then for functions f : [n], — R and f' : [n], — R, the
following hold:
o Ifr#1' then
Cov (T(£, %), T(f, X)) = 0. (2.5) [eq: cov_T_t _zer
o Ifr =1/ then
Cov (T(£.X). T/, X)) =E(T(1. X)T(, X)) =745, £,
where n:= (1—-2)"+(c—1)(-2)".
The same holds for Cov(T(f, Z), T(f', Z)).
Proof. Note that for any s € [n], and a € [c], E(I[}_, ij,a) = 0. This implies, recall (2.3),
E[T(f, X)] = 0. Hence,

Cov (T(£. X).T(f. X)) = E (T(f,X>T<f’, X))

> Yo SEFEE [ Xga [T Xew ] (2:6)[carcovr]

€ a,a’€c] s€n],s'€n], JjESs Jjes’

2

where s = (s1,52,...,5,) and 8’ = (s],55,...,5,), for s € [n], and s’ € [n],». Observe that if
s # s’ (that is, either s\s’ or s’\s is non-empty), then

1% 1] ng_ﬂ, =0

Jj€Es jes’

To begin with, suppose r # r’. Then s # §’, for any s € [n], and s’ € [n],». Hence, in this case
all the terms in (2.6) are zero, and the result in (2.5) follows.
Now, suppose r =’ and s, s’ € [n], is such that s = s’. Then

Z E Hij,aHXs]»,a’ :% Z E Hij,aij,a’

a,a’€|c] jESs jes' a,a’€|c] Jjes
1 - -
S E([[R.] ;X B[]S
a€ld] JjEs a#a’ €[] Jjes

Y e
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Hence, from (2.6),

_ _ 1 _ -
Cov (TUH.XLTUH X)) === > Y f&f&E | [[Kya [] Ko
a,a’€[c] s€[n],,s'€n], JjEs jes’
s=s
o 1 N
=n— > )
SE[TL}T_S [n] /
=n- T!<f7 >
where the last step uses (2.4). O

Next, we show that T(-;X ) satisfies an invariance principle. Specifically, we show that the
moments of 7(-; X) and T(-;Z) are asymptotically close, for any finite collection of bounded
functions.

ppn:mthd_mmnts) Proposition 2.1. Fix K > 1 and integers r1,ra,...,7x > 1. For 1 < k < K, let {fr(lk)}nzl be

sequence of functions such that f}gk) s [n]p, = [-M, M], for some M > 0. Then

EH T(fnk),X> ﬁ T (fgk% Z)
k=1

Proof. For notational convenience denote,

T (0. % T (0.
- Ek];[l’r(n ,X)—EHT(n Z)‘

lim

=0. (2.7) 7eq:mthd_mmnts_
n—00 £q-mthd_mmnts_

k=1
Note that
K . K .
Ap g = = 5 Z Z an E H H Xs<k)7ak —E H H ZS(_JC)’aIC )
202 lagldK s, () k=1 k=1jelnln, k=1jelnly,
( E[n]r
where ry = Zf:ﬂ”ka a = (ay,as,...,ag) € [ and s®) = (sg ),sék),...,sgz)) € [nlyy, for

1 < k < K. Using the fact that |f,(Lk)| < M, for 1 <k <K, gives

Ank €~ Z > (11 H X | ~E I 11 20 4 ||+ (28)[camehd_mmmts

ng Zk 1chg

s s(F) k=1 jen], k=1 j€n],,
E[n}rk
Given a € [J and S := (s,.-. s such that s*) € [n],,, for 1 < k < K, define the

edge-colored hypergraph Fs (V(Fs a), E(Fs,q)) as follows:

K
V(Fsa)=Js® and E(Fsga):={sV,..., s},
k=1
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and the color of the hyperedge s*) is ay, for 1 < k < K. Also, define
K K

XFS,a = H H ng.k),ak and ZFS@ = H H Zs;-k),ak'

k:lje[nhk kzlje[n]Tk
The following lemma records 2 crucial properties of EX Fg, and EZ Fs.a-

(Im:XZ) Lemma 2.2. For j € V(Fgq), denote by d; the degree of vertex j € V(Fsq4). Then the following
hold:

o If there exists j € V(Fg,q) such that d; =1, then
EXpg, =EZpg, = 0.
o Ifd;j =2, forall j € V(Fs.q), then
EXpy, =EZp,,,.
Proof. Note that
> T ot T ot
EXrs, =E H HX]{;‘ = H E (H X;j) : (2.9)[eq:XFs]
JEV(Fg,a) a=1 JEV(Fs,a) a=1

where /; , be the number of hyperedges with color a € [c] containing the vertex j € V(Fg4). Now,
if j € V(Fs,q) is such that d; = 1, then there exists b € [¢] such that £;, = 1 and ¢;, = 0, for all
a € [c]\b. This means,

&
E (H ija) =EXj5=0
a=1

and, consequently, EX Fs, = 0. By the same argument we also have, EZ Fs.q = 0.
Next, suppose d; = 2, for all j € V(Fg,q). Then there are 2 possibilities:

e There exists b € [¢] such that £;;, =2 and ¢;, = 0, for all a € []\{b}. This means,
C
E (H ng) —EX?,=1- %
a=1
by Observation 2.1. By the same argument,
= 1
E (H ij;‘) =EZ},=1--.
a=1

e There exists b # 0’ € [c] such that ¢;;, = {;y =1 and ¢, = 0, for all a € [¢]\{b,b'}. This

means,
(& ) ~ ~ 1
E (H inf) =EXjp Xy =—=,
a=1

by Observation 2.1. By the same argument,

(&

=0 q 5 5 1

E <H1 Zja > =EZjpZjy = .
a=
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c c
() o112
a=1 a=1

Hence, taking product over j € V(Fgs 4) (recall (2.9)), gives IEX’FS,L1 = EZFs,a- O

Hence, if d; = 2, then

The next lemma gives bounds on EX Fsq and EZ Fs.q-
ctationXZbound)  oryma 2.3. For any a = (a1,as,...,ax) € [ and 8 = (s, ... sF)) with s ¢ [n]y,, for
1<k <K, we have

IE:)ZFS,G gK,c 1, (2.10) eq:mthd_mmnts_j

where v(Fs o) is the number of connected components of Fg q. Moreover, EZNFSYG Srprge L

Proof. To begin with, define Cj := {a € [] : {;, > 1}, for j € V(Fg,4). Then, for each j € V(Fsq),

o115 <o (115
a=1

aGCj

Z.
lZu‘ Z,a 1 J,a
= 2 7eeq EH <1{Xj:a}—c

aECj
4 1]
§C2EH 1{Xj:a}—g
aECj
4 1\ 1
—yreg=n(1-2)" I o
b=1 a€C;\{b}

C
d; _ )
<31 Z c 2aec;\ (b} bia
b=1
d; _ , d; _ )
CTJ_l Z c ZaECj\{b} lja + 673—1 Z c Zaecj Yja (2‘11)
beC; b¢C;

d; d; d;
< [Cjle TGl 4 T TIG < e 1G] (2.12)[eq: K]
where (2.11) uses ¢;, > 1, for a € C;, and (2.12) uses |C;| < K, for j € V(Fs,4). Hence, from (2.9),

IN

1 1
’EXS,a 5 C§ ZjEV(Fsya)djfzjeV(Fsya) IG5 — C§ Zke[K] Tk*ZjeV(FS,a)(‘Cj‘*1)*‘V(FS,0)‘ S c 1

This proves (2.10).
Next, we bound EZpg . First, observe that for each j € V(Fs.a),

B (H Zfﬁ“) <E[]|%.- iZZ
a=1 a=1

aGC]'

< ]I |E

aGC]'

$ja

1
4.alC51\ €

(by Hélder’s inequality)

1 C
Zja — 2 z; Zja
a=
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] f3.al%l %
2 £5.41C5]
< . ,a
<I((-1) * o
aECj
1

< I (BINO, )59 % <1,

aGC]‘

since ¢j, < K and |C;| < K, for j € V(Fg,q). This implies,

EZp,,| = |E 11 HZ” = JI

JEV FSa)a 1 jeV(FS,a)

~T1,T2,--TK ]' ?

(i17):

since |V (Fsq)| < Zé(:l ri. This completes the proof of Lemma 2.3. O

Now, let F be the set of colored hypergraphs with the following properties:

e ' € Fis a hypergraph with most Zszl r, vertices and at most K hyperedges and every
hyperedge of F' is assigned a color from a set of size at most K.

e all vertices of F' have degree at least two, and

e some vertex of F' has degree at least 3.

Note that for F' € F there are O(nlV ()} terms in the joint sum (2.8) such that Fy 4 is isomorphic
to F'. This implies, from (2.8) and Lemma 2.2,

1 - -
V(F
A Smce i 2 O EX sy, — B2y, |
n2 k=1"Tk FeF

1 K
SM,K,C Z nIV(F)\—E k=1 Tk (2,13) eq:mthd_mmnts_:
FeF

Note that Zszl Tk = Ycep(r) lel- Also, for F' € F, we have that d; > 2 for all j € V(F) with
strict inequality for some j. Therefore,

% rkzéz Zd>|V ).

=1 c€E(F) eEV (F)

Hence, each term in (2.13) is o(1). Since |F| Sk.c 1, the result in Proposition 2.1 now follows. O

3. PROOF OoF THEOREM 1.1

ec:JointTHERPE)  p o all the definition of T (H,Gy) from (1.2), which is the number of monochromatic copies of H

in G,:
1
T(H, Gn) = —— Z H asasb(Gn)l{X:s}' (3.1) ?eq:recall _T_H_
|Aut (H)| eq:recall M
Se[n]‘V(HH (a,b)EE(H)
We begin by rewriting T'(H,G,,) in terms of T(.,X'). To this end, for J = {i; < --- < 2'|J|} C
[[V(H)|] and s € [n]jy(z)), denote s; = (siy,- -+, si ).
mial_expansion) { oyyma 3.1, For J — {in <+ <idyy} C[V(H)], define fHJ (]} — [0,1] as follows:
1
Gn . 3
faly(#) = DIV =] Z H sos,(Gn)- (3.2)[eq:£H]

SE[TL]‘V(H)‘ (a,b)GE(H)
sj=t
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Then
vV (H)|-5
n 2
T(H7Gn)_E(T(H>Gn)) ‘A t Z T( HJ; )W
JCV ¢ 22
|J|>2
Proof. Notice that
c [V(H)
1{X_,} = Z H 1{X,, = a}
a=1 j=1
c [V(H)]
1 1
=> 11 <1{ij :a}—+>
c c
a=1 j=1

DY H(l{xsj_a} +) D

a=1 JCV(H)jeJ

DNDIN | EPETTE

a=1 JCV(H) jeJ

Then recalling (2.3) we have,

T( Sz,;fmz Z >y T ses(Go) ] Xt

TV Lten] g s€nljv ()| (a.b)EE(H) jeJ
SJ—t
- |V(H Z Z H asasb(Gn)HXSj,a-
" 7 € a=1 s€[n)jy (1)) (a.b)EE(H) jeJ
Hence,
v ()| -5t
n 2
T HJ; AE—
|AUt JC%:H) ( >c|V(H)—‘zfl—§
5 1
|AU75 Z Z Z H asasb(G”)Hijvam
JCV(H)a Lse[n]y(my (a,b)€E(H) jeJ c

1
IR | GO e

sG[n]‘V(H)‘ (a,b)EE(H)

where the last step uses (3.4).
Now, observe that, if J = {jo}, for some jy € V(H),

(& 1 C 1
ST (1x = - 1) =3 (1x, =@ - 1) =
a=1jeJ a=1
This means (recall (3.5)) that

> T (fiiX) =0

JCV(H)
[J]=1

(3 . 3) eq:expanded_T_]

(3.4) eq:indicator_x.

(3.5) [oa-THEG)

(3.6) [oa ThzGaTsum

(3.7) [oa ThEGaons
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Also, notice that when J = &,

1 o o\ nlVUDl
m?’( s X) v = BT G)) (3.8) [eq- THEGaJompty
Combining (3.6), (3.7), and (3.8) and rearranging the sums the result in Lemma 3.1 follows. [

Now, let {U,},cv(m) be a collection of i.i.d uniform random variables on [0,1]. Define the
counterpart of Wy for finite n as follows:

~ 1
Wi (@,y) = 5 > E(1{4} [ wWEWULU) | Zu=2.Z, =y (3.9) [eq: WHGnxy |

1<u#v<|V (H)| (.7)€E(H)

where A, = {([nU:])revm)y € V(Gn)v ()} is the event that the variables {U,},cy (g fall in
distinct intervals when [0, 1] is partitioned in a grid of size 1/n. Then we define

Q2(H, fz > Wi (5 2) ZuaZua (3.10) [oq:GHGa

n
a=11<u#v<|V(Gn)|

where {Zv,a}veV(Gn),ae[c] is defined in (2.2). The following lemma shows that I'(H,G)) and
Q2(H,G,) have the same limiting distribution.

amna_equal Q-2) Lemma 3.2. Let ['(H,G,) and Qo(H,Gy) be as defined in (1.10) and (3.10), respectively. Then

Q2(H,Gn)=T | > fi2Z|. (3.11)[eq: Q2HGaN]|

JCV(H)
|J]=2
Also, as n — oo,
F(H, Gn) =7 Z fg:]; X -+ 0L2(1)- (3.12) eq:Gamma_eq_Gar
JCV(H)
7]=2

Proof. Recalling (3.2) and (3.9) gives, for 1 <wu # v <n,
1 -
Gn Gn
2 i) = RV (E)-2 Z l [ asus(Ga) = W (2,y)

|J|=2 SJ {uv}

for z € [%, %] and y € [2, “E]. Therefore,

n’> n

fGn . 7 P (X VN5 &> _
T Z HJa \[Z Z WH <E>g> Zu,aZ'u,a—Q2(HaGn)-
JCV(H a=11<u#v<|V(Gn)|
|J]= 2

This proves (3.11).
Next, recalling (1.10) and from (3.3) we have,

AV)|-3

I'(H,G,) = W{
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11

2 T X) (813) eqscomatnses

va
|J|>2

N[

\Aut

Note that, for any J C V(H), with |J]| > 3, ]ET(fH %; X) = 0 and, from Lemma 2.1,

1 -
\J\ 2VarT(fHJ, X) = W”Jﬁ?}”%:o(l)a

since
2
~ 1
Gn (|2 _
||fH,J||2 = 2VHE) ]| § ’ |' E E H a’SaSb(Gn) <1,
te[V(Gn)l) g o€S) SE[V(Gn)](\\)/(H)\ (a,b)eE(H)
sj=o(t

where o(t) = (t5(1),.--,te(s)))- Hence, ’T(fgf]) = or,(1), for all J C such that |J| > 3. This
implies, from (3.13),

Avi)|-3 V)=
F(H7Gn) ’I’llv ‘ 1 Z T( HJ; ) |V(H)|—M—l +OL2(1)
JCV(H c 2 2
EE 2

=T\ 2 Sy X | Fon) (3.14) o Gamna_eq Gai

JCV(H)
|J]=2

This proves (3.14) and completes the proof of Lemma 3.2. O
The following lemma represents Q2(H, Gy,) as a sum of independent bivariate stochastic integrals.

o_independent)? | omma 3.3. Let {BM(t), B(z)(t),...,B(Cfl)(t)}te[()’l} be a collection of independent Brownian
motions on [0,1] and Q2(H,Gy) be as defined in (3.10). Then

Qa(H, Gp) 2 \/2/ WS (2, 4)dBWAB®.
01

Proof. Let {Zya}ven),aclq be a collection of i.i.d N(0,1) random variables. For 1 < v < n, let
Zy = (Zy1, Zy 32, - .,Z%C)T. Then, for 1 < v < n, MZ, = Z,, where Z, = (ZDJ,ZU’Q, .. .,ZMC)T,
where M =1 — %1T1, where 1 is the vector of ones of length c. Note that M "M = M and M
has ¢ — 1 non-zero eigenvalues all of which are 1. Hence, we can write,

Qa (1. \[Z > Wi (50) ZuaZua

a=11<u£v<|V(Gy)|

Wi (=, =)z M"MZ,
n\[ 1<u;év§|:\/ (G (” n>

o X Wi () aimz,

1<u£v<|V(Gy)|
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n\[ > (5 —)ZYMYM

1<uv<|V(Gn)|

IIO

(Where {K),a}ve[n],ae[c] are i.i.d. N(O, 1))

IIU

\[Z W (z,y)dBWdBLY,
[0,1]2

where the last equality holds in distribution because Wg" (x,y) is a step function which is zero on
the diagonal. 0

With the above preparations, we proceed with the proof of Theorem 1.1. For this, suppose
H ={Hi, Hs,...,Hy} is a finite collection of graphs and G,, = (GS), Gg), - ,G(d)) be a sequence
of d-multiplexes converging in joint cut-norm to W = (W, Wa, ..., Wy). By Lemma 3.2,

I'H,Gp) = Q2(H,Gy) + or,(1),
where I'(H, G,,) is defined in (1.9) and

Q2(H,Gr) = (Q2(H1,G), Qa(Hu, ..., Q2(Hq, GI)) .

Therefore, to prove Theorem 1.1 it suffices to derive the limiting distribution of Q2(H,G,).
To this end, invoking the Cramér-Wold device, it suffices to derive the limiting distribution of
a'Qy(H,G,), for any vector a = (ay,as,...,aq) € RL Note that

d

~ A3)

aTQQ(H,G ZOZZQQ HZ,G i) ZI (Z Ozini" ) , (3.15) eq:sum_of_stocl
=1 =

where 15" (a ) f ]2 F(x,y)d B(a)de(, ), for any bounded symmetric kernel ' € #7. Observe

that for any < g

B (i) @)
Wi = Wi |l < [V(H;) PP(AY).
Since ([nZu])uev(m) is a uniform random vector over V(Gp)VH),

b4y = MOV VDD

Hence, (3.15) has the same limiting distribution as

14 d (i)
%Zléa) (Z OCZWI({;:L > . (3.16) eq:sum_of_stocl
a=1 i=1

Now, let

d d
(%) i
Wan = ;Wi and Wo =Y a; W}, (3.17)[eq:Wenalpha

i=1 i=1

Since G, converges to W in joint cut-metric, there is a sequence of invertible measure preserving
maps ¢y, : [0,1] — [0, 1] such that

ZH W —w O - o.
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Define the map ng, : W — Wp,, for 1 <7 < d. Notice that nHi((WGS))%) = nHi(WG%))d’”. Then
by Lemma A.1, as n — oo,

W&, — Wallo — 0. (3.18)[eq: valphaconve
Using (3.17) we can rewrite (3.16) as

c—1

1 @ (= o) - L

ﬁ;IQ (;azwm >_ﬁ;IQ (Wea,n)
1 c—1 (a) o
\/E;IQ <Wa,n)

c—1 c—1
1 a 1 a
= % E IQ( )(Wi)?n — Wa) + % E IQ( )(Wa). (3.19)[eq:QHGnWlinear
a=1 a=1

Il

By Lemma B.1 the two terms in the RHS above are asymptotically independent, hence, it suffices
to derive the limiting distribution of the first term.

(Im:I2¢1%) T oemma 3.4. As n — oo,
1 SI(“)(W% —Wa) 3 /2 <1 - 1)1\7(0 a'Ya) (3.20) [eq:12¢1t ]
Ve e N eEe q
where X is defined in Theorem 1.1.
Proof. By the spectral theorem for bounded symmetric kernels (see [38, Section 7.5]),

Dan(@,y) = W (2,9) = Walz,y) = Y A (2)6{ (1),
s=1

where {)\gn)} s>1 are the eigenvalues and {¢§">} s>1 are a set of orthonormal eigenvectors for the
operator

1
Tau, f(x) = /0 Acn(z,9) f(4)dy.

Define, for s > 1,

b= é ( /0 1 ¢§"><x>dB£“>)2 ~(e—1).

By orthonormality, the variables {£s}s>1 have independent x?_; — (c — 1) distributions. Hence,

1 c—1 (@ p 1 00
LS o, - wa 2 LS e,
\/E a=1 \/E s=1
The result in (3.20) then follows from Lemma C.1, if we show the following:

lim max ’)\gn)’ =0 and lim Z ’)\gn)’% =a'Sa. (3.21)[eq: lambdamaxsur
n—oo

n—oo s>1
- s>1
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To show the first condition in (3.21), we will use the identity 2521()\(8"))4 =t(Cy, Ap,a) (s€€ [38,
Section 7.5]), where Cy denotes the cycle of size 4. This implies,

I?Zaf( )\(n)‘ < Z 047 An,a) < HAn,aHD — 07

by (3.18).
We now prove the second condition in (3.21). For this, observe that

Jim (A af = lim W5 — Wall
= lim [|[Waul3 2 lim (Wan, Wa) + [|Wal
n—oo n—oo
= Jim [Wanl3 — a3,

using the fact that limy,— oo (Wan, Wa) = ||[Wal|3, which follows from (3.18) and by invoking [3%,
Lemma 8.22]. Also,

d

2
0
Z Wy

2

lim ||[Wa.n|/3 = lim
—00 n—oo

_ N O ©)
= Jim, ZallW”llz+ D oy (Wil WiiG)
1<i#j<d

:ZQ?T H;,W;) + Z Q5 Pig,

=1 1<i#5<d

where 7(H;, W;) is as defined in Lemma 3.5 and p;; is as in (1.12). Combining (?7?), (??), and
observing that

d
WalZ=S"2IWP13+ 3 awa (W, wh) ),
i=1 1<i#j<d

the second condition in (3.21) follows. This completes the proof of Lemma 3.4. O

The proof of Lemma 3.4 uses the following result about the limiting value of ||[W5"|3.

m:WenHvariance) Lemma 3.5. For any fized graph H = (V(H), E(H)) and a sequence of graphs {Gy}n>1 converging
to a graphon W,

. 1

D Wgrli=g 0 Y. t|{H Q) HW|=rHW)
1<u#v<|V (H)| (u,v),(u’' ")
1</ #0' <[V (H)|

Moreover, gor any two fived graphs Hy = (V(H1), E(H1)) and Hy = (V(Hz2), E(H2)) and a sequence
of graphs {Gp}n>1 converging to a graphon W,

1
nh_)rg()(ng W}%) 1 Z t| Hq ® Hy, W | . (3.22) 1m:WGnHcovaria
1SU¢U§|V(H1)| (uzv)v(ulrvl)
1w % < |V ()|
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Proof. Let H' be an isomorphic copy of H. Then

2
1
wg 3 Z/ s > El I WUy |Uu=aUy=y || dedy
O | “1<azb<ivimn)  \(@i)eEH)
1 Gn Ua _ Ua’ . X
N /[0 1]2 4 Z . . H W Uy) (Ub> a (Ub’> a (y> dedy
: (a,b)eV (H)2 (i.J)EE(H)UE(H')
(a' b)eV(H)2
1
=3 3 t|H & HW| - r(HW)
1<a#b<|V (H)| (a,b),(a’,b")
1<d'#V<|V(H)|
The result in (3.22) can be proved similarly. O

To complete the proof of Theorem 1.1, recalling the representation in (3.19). Then applying
Lemma 3.4 and Lemma B.1 shows that
1§I(“) ioé»w(’g> 2o a(1=Natz+ L ci[(“)(w )
\/Eazl ’ i=1 s ¢ \/Eazl ’ 7
where Z is as defined Theorem 1.1 and the 2 terms in the RHS are independent. Finally, recall

(from (3.15) and (3.16)) that the LHS above has the same limiting distribution as a' Q2(H, Gy,).
Hence, by the Cramér-Wold device the result in Theorem 1.1 follows. O

4. EXAMPLES

(sec:exanples) In this section we illustrate our results in various examples. A few of the examples will involve

random multiplexes. To this end, it is worth noting that Theorems 1.1 can be easily extended to
random multiplexes, when the limits in (1.8) and (1.12) hold in probability, under the assumption
that the multiplex and its coloring are jointly independent (see for example Lemma in []).

d_erdos_renyi)? Example 4.1. A natural example of a random multiplex is the correlated Erdés-Rényi model
G(n,p,q,p), which is a 2-multiplex where the edges are dependent across the different layers. This

model emerged from the study of network privacy [55] and is the basic underlying model in graph
matching problems (see [12, 13] and the references therein). Specifically, G(n,p,q, p) = (Gg), G%Q))

is a 2-multiplex with common vertex set [n], where independently for every 1 <i < j < n, we have
P((i,5) € B(GI) =p, P((i,§) € E(G)) =¢
and
P((i,j) € B(GY) N E(GY) = p+pg = pr2.
for p,q € (0,1) and p € [0, min{p, ¢} — pg). In this case, (GS), Gg)) converges jointly to (W7q, Ws),
where Wi = p and Wy = ¢. Therefore, for any 2 graphs Hy and Ho,

(W) az,, (W) gr,) = <<|V(§[1)|>pE(H1)|7 <|V(f2)|>qE(H2)> '

Moreover,
(1) (2)
: G G
lim <”H1n Wi ) = piz,

n—00 2
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in probability. Then by Theorem 1.1, under the assumption that the coloring is independent of the
multiplex,

, VHDN (B
D(H, Gn)) 2y [2 (1—1> <Z1> L 2 U 3
T(Ha, G\) ¢)\Ze) " e | (VEN o |
2

with € ~ x2_; — (¢ — 1) which is independent of (Z1, Z2) ~ N2(0, ) where

> = ( pAPUIIEL(L = p) | B(Hy)? p‘p'E(H”"IQ'E(HQ)"I!E(Hl)\E(Hz)|> .
p - pFHDIS1GIEER)I B(HY) | E(Hy)| PIPHIIN (1 — )| B(Hy)|?
Observe that when p = 0, that is, the 2 layers are independent, the covariance matrix > becomes
diagonal.

Next, we construct an example where the Gaussian component of the limit has a degenerate
covariance matrix.

_complementar)?

" Example 4.2. Suppose G%l) ~ G(n,p), where p € (0,1), and consider the multiplex G,, =
(Gg), G7(12)), where G,(f) is the complement graph of Gg). Then, by Theorem 1.1, when ¢ = 2,

(K3, G)\ b, <Zl> L3 ( v’ ) :
(K3, G Z:) " V2 \(1-p)*) >
with € ~ x3 — 1 which is independent of (Z1, Zy) ~ N2(0,%), where
s _ ( 9wp°(1-p) -9’1 —p)3> .
—9p°(1=p)®  9(1-p)°p
Note that the rank of ¥ is 1.

The next example shows that marginal convergence (in the cut-distance) of the graphs in the
different layers of a multiplex G,, and the convergence of the pairwise overlaps (1.12) are not enough
for the convergence of the joint distribution of I'(H, G),). One needs to assume that the graphs in
the different layers converge jointly in the cut-distance (as in (1.8)) for the limiting distribution of
I'(H,G,) to exist.

;ence_necessary)

Example 4.3. Let Ay, A, A3, A4 be 4-disjoint sets of size n. Denote by BT(LS’SH) the complete
bipartite graph between the sets A and Ay, for 1 < s < 3 (see Figure 2). Define?

3
G%l) — U B,g878+1), G%Q) — BSLI,Q)’ and G7(13) — B7(1273)-
s=1

(Note that, in other words, G,, is the n-blow-up of a path with 4 vertices [].) Now consider the
following 2 sequences of the multiplexes:
G, = (G,GP) and G, = (G, GY).

Note that the graph Gg) converges to the graphon Wijgs4 in Figure 3 (a) and the graphs Gg) and

G%S) converge to the graphon Was in Figure 3 (b). Hence, marginally the graphs in the 2 layers of

3For 2 graphs G = (V(G1),E(G1)) and G2 = (V(G2),E(G2)), denote by Gi|UG2 =
(V(G1)UV(G2), E(G1) U E(G2)).
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3 (7%% i

: G 3 |

o B | ' B9 BEY |
G

FIGURE 2. The graphs Gg,l), Gg), and G%B) in Example 4.3.
ig:graphlayers)

G, and and the graphs in the 2 layers of G, converge to the same limits. Moreover,

M) @) (1) (3)
o 2BE NG L 20BG) nBGD)] 1

n—00 n2 n—00 n2 8’

that is, (1.13) converges to the same limit for both G, and G,,.

(a) (b)

FIGURE 3. The graphons Wis34 and Wh3 in Example 4.3.
partiteexample)

Hence, the premises of Corollary 1.2 hold for both G, and G,,. In particular, with ¢ = 2, we get

liv

1% ,y)dB,dB
(F(Kg,G%”)) 2> /[071}2 1234(2, ) y

1 <2122 + Zo 73 + 2324) N (Y
(K, G '

4.1) eq:Gnl2
AV Y’> (

/[ o Was(ay)dBodB, 4 142

0,1
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and

lle

W ,y)dB,dB
(F(KQ,GW)) o, [ Joe (e 9)ABABy <le2 +ZQZ3+Z3Z4>
(3) 4 Zy7
I'(K2,Gr) - Was(z,y)dBod B, 4 243
where Z1, Z3, Z3, Zy are i.i.d. N(0,1) and {Bi}jo is the standard Brownian Motion on [0, 1].
Note that the limiting distributions in (4.1) and (4.2). In particular, E(Y — Y")* = i—f which is
different from E(Y —Y")* = i—ﬁ. The reason for this is that there is no common permutation of [n]
for which (Gg), Gg), Gf(lg)) jointly converges in the cut-distance.
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APPENDIX A. CONTINUITY OF THE 2-POINT CONDITIONAL KERNEL

Recall the definition of the 2-point conditional kernel from (1.11). Note that Wy is symmetric
and bounded, but can take values greater 1, hence, Wy € #4, where #, is the space of bounded,
symmetric, measurable functions from [0, 1]2 — [0, 00). The topology generated by the cut-distance
(1.7) (extended naturally to the space #7) is the same as the topology generated by the following
norm (see [38, Lemma 8.11]):

[|W1 — Walli5e0 = sup
£,9:10,1]—[—1,1]

/[01]2 (Wi (z,y) — Walz,y)) f(x)g(y)dady|,
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for Wy, Wy € #1. The next lemma shows that the map W — Wy is Lipschitz in the || - ||1500
norm and, hence, the cut-distance || - [|g. This, in particular, means that if {G,},>1 converges to
a graphon W, then Wg” converges in cut-norm to Wy.

:W_H_lipschitz) Lemma A.1l. The mapping ny : W — Wy defined on # is Lipschitz under || - ||loo—1 and, hence,
under || - ||o.

Proof. Let {U;},cv(m) be a collection i.i.d. Unif[0, 1] random variables. To show the map 7y is
Lipschitz, it suffices to prove

W+ R)i — Relloos1 Sa [ Rlloos1,
for W, R € #;. To this end, fix 1 <a # b < |V(H)| and note that

(A1) [oq Viisquare

Aa,b(xay) =K H

(i,5)€E(H)

WU, U+ RULU)) — [ WULU)|Ua =20, =y

(i) E(H)

=E Z H W (U;,Uj) H R(U;,Uj) | Uy =2,Up =y

ACE(H) (i,j)€ A (i) €A
|A[>1

Recalling (1.11), note that,

(W + R)g — Rillooms1 =

2 1Bap(@ )l sys (A2)oqrberasy]

1<a#b<[|V(H)|

Aa,b(ajv y) < Z
o1 1<ab<|V(H)|

by the triangle inequality. Hence, to prove (A.1) it suffices to consider each term in the above sum
separately. Towards this,

1Aab(2, Yl o1

= sup E|E[ >[I ww.u)) [[ RU.U) | Ua,Us | £(Ua)g(Us)
|||‘f||||°°§} ACE(H) (i) €A (i.j)eA

Jleo= [AI>1
= sup [E| Y fW)eWy) [[ wwuuy ] RU:.Uy)

[flleo<1 ACE(H) (i,7) €A (i.5)eA

HQ”OOSl |A|Zl
= sup | Y E(fWae@) [ WwsUy) [[ RO,Uy)

[ lleo <1\ 4c B(m) (i,7) €A (i.5)eA

llglloo <1 |7 41>1
< sup || f(U)g(@h) [ wwivy) [ RWLU ||, (A.3)[eq:Deltaryte]
ACE(H) Hg”oog (i,j) €A (ij)eA

[Al=1
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by the triangle inequality. Now, by a telescoping argument similar to the proof of the counting
lemma (see [16, Theorem 3.7] and [3%8, Lemma 10.24]) it can be shown that

swp |E | (U)oU) [[ WUy ] RWLU) || <o [ Rllsosr- (A.4)[eq:uiate]

< i -
l\l\_f;“ooZi (i,7)EA (i,5)eA

Combining (A.2), (A.3), and (A.4), the result in (A.1) follows. O

APPENDIX B. INDEPENDENCE OF BIVARIATE STOCHASTIC INTEGRALS

Fix d > 1. Given a bounded function f : [0,1]¢ — R, denote by I;(f) the d-dimensional Wiener-
It6 stochastic integral of f with respect to a Brownian motion on [0, 1]. Conditions under which
2 multiple stochastic integrals are independent are well-known. Ustiinel and Zakai [(2] provided a
useful necessary and sufficient for the independence of multiple stochastic integrals and Rosinski
and Samorodnitsky [57] showed that multiple stochastic integrals are independent if and only if
their squares are uncorrelated. An asymptotic version of these results was established by Nourdin
and Rosiniski [51]. Using this asymptotic result we prove the following lemma:

independent_L2) [,emnma B.1. Fiz W € #4 and consider a sequence of bounded kernels { Ry }n>1, with R, € #4,
such that ||Upllo — 0. Then Qn := (I2(Ry), I2(W)) are asymptotically independent along any
subsequence for which Q, has a limit in distribution.

Proof. Note that by definition EI>(R,) = 0 and Var I3(R,) = O(1), since R,, is bounded. This
means Q,, converges in distribution along a subsequence. Hence, by [51, Theorem 3.1] to show that
the asymptotic independence it suffices to check the following 2 conditions:

1 2
Ry (z,y)W(x,y)dedy — 0 and / </ Ry (x,2)W (=, y)dz) dzdy — 0. (B.1)[eq:WR]
0,112 \Jo

The first condition in (B.1) follows from [38, Lemma 8.22]. For the second condition note that:

1 2
/ </ R, (x, z)W(z,y)dz) dzdy
0,12 \Jo

= Ry(x,2)W (2,y) Bn(x, 2" )W (7', y)dzdz'dzdy

[0,1]2

[0,1]*
:/ / gn(z,y)Rp(z, 2)W(z,y)dxdz | dy (where g,(x,y) f[o 1 YW (2, y)d2)
0,12 \/[0,1]?
= ||Rx|lo — 0.
This establishes the second condition in (B.1) and completes the proof of Lemma B.1. 0

APPENDIX C. A CLT rFoR WEIGHTED SUM OF CENTERED Yx? RANDOM VARIABLES

In this section we establish a Central Limit Theorem for an infinite weighted sum of independent
centered y? random variables.

m: chisquareCLT) (n)

Lemma C.1. Consider a sequence of infinite sequences {(as
conditions:

18 > 1) }p>1 satisfying the following

(n)| — 72 .
Jim max|al| =0 and lim B} (af")* =7, (C.1) [eg: sequence

s>1
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for some constant T > 0. Let {{s}s>1 be an i.i.d. sequence of X% — k random variables. Then the

infinite sum ) ag")gs is well defined, for n large enough, and, as n — oo,

Zagn)§5 2) N (0, 2k7’2) . (CQ) eq:chisquareds:
s>1

Proof. Fix M > 1 and let Fyy = o({&},) be the sigma algebra generated by {&}4; and

S](\Z) = Zsj‘il aﬁ”)gs. Then (Syr, Far) is a martingale with

sup E(S <Z (”

M>1 s>1

for all n large enough. Hence, the sum -, aﬁ”)gs is well defined, for n large enough.

We will show (C.2) by establishing the convergence of the Moment Generating Function (MGF).
By [10, Proposition 7.1] we know that the MGF of > ., ag")fi is well defined in a neighborhood
of zero. In particular, for |\| < %, one has -

(n)
e*/\kas

gn(/\) =K (e)‘zszl agn)gi) = 821_[1 Ma(ﬂ))g.

Taking logarithms on both sides,

log £, (A :——Zlog<1—2)\a )—/\kZa g ZW—M@Z@&")

s>1 s>1 s>1 t=1 s>1
k > (2ta§n))t
=5 Z Z —
s>1 t=2
k > (2 g") t
A P e SR (8 femat oo
s>1 t=3 s>1

Denote by aé”) the s-th largest among {agn)} s>1. Then, for any L > 1, we have

L
ar* 2} (o) Z @) = L),
s>1 s=1

for all n large enough. (Note that the first inequality in the display above holds for all n large
enough by the second condition in (C.1).) This implies, ag L)) < \2} for n large enough and L > 1.
Hence, for |A| < g,

ZZW5<ZZWV<ZZ

s>1 t=3 s>1 t=3 s>1 t=3

a7 |t

ZZ

s>1 t=3

(C.4)[eq:ansum

This shows that the double sum in (C.3) is absolutely convergent. Also, for t > 3,

i (n)yt (n))2 —
i |2 (@) < i maxlai] 3 (o

s>1 s>1
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from (C.1). Hence, by the Dominated Convergence Theorem (observe that the bound in (C.4) is
uniform over n),

o 1y (n)
lim > PasTF _
oo s>1 t=3

Hence, taking limits as n — oo on both sides of (C.3) gives, for |A| < &
lim E,(\) = e,
n—oo
which is the MGF of N(0,2k72). This completes the proof of Lemma C.1. O
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